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1. Introduction

In special relativity, it is a standard practice to define a simultaneity 

relation relative to an inertial observer or frame of reference. This practice 

is based on two assumptions that have seldom or never been challenged 

before: (1) A simultaneity relation relative to an observer should be defined 

only in terms of the worldline (or other intrinsic features) of the observer 

in addition to the structural features of Minkowski spacetime, without 

making reference to any other observers; and (2) a simultaneity relation 

of special relativity should be defined relative to a single observer, not 

relative to multiple observers, who may be in different states of motion. 

I challenge these two assumptions. I present operational definitions 

of two types of simultaneity relations relative to multiple observers 

(Section 3) and then show that they are also explicitly definable from 

the causal connectibility relation and the worldlines of the observers 

(Section 4). I then argue that those simultaneity relations relative to 

multiple observers are as legitimate as a simultaneity relation relative 

to a single observer (Section 4). 

These results have significant implications on the issue of whether 

there exists the right or true simultaneity relation in special relativity. 

David Malament famously proves that the standard simultaneity relation 

is the only relation that satisfies certain “minimal seemingly innocuous 

conditions” and draws the conclusion that “the relative simultaneity 

relation of special relativity is uniquely definable from the causal 

connectibility relation” (Section 2).1) If simultaneity relations relative to 

multiple observers are legitimate simultaneity relations, however, the 

simultaneity relation of special relativity is not uniquely definable from 

the causal connectibility (Section 5).

1) Malament (1977), p. 297; p. 293.
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2. Two Assumptions in Malament’s Argument 

In Minkowski spacetime, which will henceforth be denoted by ‘M,’ 

three types of lines are distinguished: A lightlike line is a path that a 

light ray can take, and a timelike line is a path that a material object 

with non-zero mass (idealized as a point particle) in a permanent 

inertial motion can take. And a spacelike line is a line orthogonal to 

a timelike line. And an inertial observer is an observer who is 

idealized to have a worldline that is a timelike line. Then, the 

standard simultaneity relation is defined as follows:

Standard Simultaneity Relation: For any inertial observer O (whose 

worldline is a timelike line) and any two points p and q in M, p 

and q are standardly simultaneous relative to O if and only if the 

line connecting p and q is orthogonal to O’s worldline. Letting 

‘S-SimO’ denote the standard simultaneity relation relative to O, 

S-SimO is the set of all the pairs of points in M that are standardly 

simultaneous relative to O, i.e., S-SimO={(p, q) | p, q ∈ M, and 

the line connecting p and q is orthogonal to O’s worldline}.

And all the structures and relations mentioned above are definable in 

terms of some primitive relation. Let us say, a la Malament, that two 

points p and q in M are causally connectible if and only if it is 

possible for a photon or particle with non-zero rest mass to travel 

from p to q or from q to p.2) Thus, the causal connectibility relation 

κ is symmetric, i.e., p and q are causally connectible if and only if q 

and p are. And it has been shown that the following terms are 

explicitly definable from κ in M─instead of presenting explicit 

definitions of them here, I refer the reader to Winnie (1977), where 

2) Malament (1977), p. 294.
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their definability in M in terms of κ is proved; and their definitions 

in a metric vector space in terms of κ are presented in the Appendix: 

(1) spacetime points e1 are e2 are timelike/spacelike/lightlike separated 

(Winnie 1977, pp. 149-50);

(2) spacetime point pair (e1, e2) is congruent to pair (e3, e4)─in 

symbols, Cong(e1, e2, e3, e4) (pp. 171-5; pp. 183-5);

(3) spacetime point pair (e1, e2) is orthogonal to pair (e3, e4)─in 

symbols, Orth(e1, e2, e3, e4) (pp. 177-8)3);

(4) (i) a set of spacetime points is a timelike/spacelike/lightlike line;

   (ii) the line passing through e1 and e2─in symbols l(e1, e2) (pp. 159-61);

(5) a line is parallel to another line (p. 162).

Consequently, S-SimO is explicitly definable from κ and the worldline 

of O. 

And S-SimO is, many philosophers believe, more than that. Malament 

has proved that S-SimO is the only relation that satisfies certain “minimal 

seemingly innocuous conditions,” and from this, he draws the conclusion, 

which many others accept, that “the relative simultaneity relation of special 

relativity is uniquely definable from the causal connectibility relation,” 

as follows:

Malament’s Argument4)5)

(Premise 1) If S is a simultaneity relation relative to an inertial 

3) Spacetime point pair (e1, e2) is orthogonal to a line if and only if (e1, e2) 

is orthogonal to some pair (e3, e4) of points on the line.

4) Malament (1977), p. 297; p. 293.

5) Premises 1 and 2 appear on p. 297, Malament’s Theorem and its proof on 

pp. 297-9, Conclusion 1 on p. 297, and Conclusion 3 on pp. 293, 299. 

Conclusion 2 does not appear explicitly but I do not see any reason Malament 

would not endorse it. Or Conclusion 2 may be what Malament means by 
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observer O on M, and TO is O’s worldline that is a timelike 

line, then S satisfies the following conditions:

  (i) S is a two-place relation that is not the universal relation.

  (ii) S is nontrivial in the sense that there exist points p∈TO 

and q∉TO such that S(p, q).

  (iii) S is an equivalence relation.

(Premise 2) If S is a simultaneity relation relative to an inertial 

observer O on M, then S is definable from κ and TO only if S 

is invariant under all TO causal automorphisms, where a causal 

automorphism is a one-to-one mapping of M onto itself which 

preserves κ, and a TO causal automorphism is a causal 

automorphism that maps TO onto itself.6)

(Malament’s Theorem) If Premises 1 and 2 are true, S is a 

simultaneity relation relative to an inertial observer O on M, 

and S is definable from κ and TO, then S = S-SimO.

(Conclusion 1) If S is a simultaneity relation relative to an 

inertial observer O on M, and S is definable from κ and TO, 

then S = S-SimO. 

(Assumption I) If S is a simultaneity relation relative to an 

inertial observer O on M, then S is definable from κ and TO. 

(Conclusion 2) If S is a simultaneity relation relative to an 

inertial observer O on M, then S = S-SimO. 

(Conclusion 3) The relative simultaneity relation of special 

relativity is uniquely definable from κ.

Conclusion 3. Some notational changes were made.

6) Note that the consequent of Premise 2 is not a biconditional but a conditional. 

Malament characterizes definability in two different ways on p. 297. He says, 

“if an n-place relation is definable from κ and [TO], in any sense of “definable” 

no matter how weak, then it will certainly be preserved under all [TO] causal 

automorphisms.” In the more formal definition of ‘implicit definability’ that 

follows, the conditional is replaced by a biconditional: “an n-place relation 

R is implicitly definable from κ (respectively implicitly definable from κ and 

[TO]) iff for all causal automorphisms (respectively all [TO] causal 

automorphisms).” As Rynasiewicz (2001) points out, Malament’s argument 

requires only the only-if direction of the biconditional (S355).
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Conclusion 1 follows from Premises 1-2, and Malament’s Theorem. 

Conclusion 2 follows from Conclusion 1 and Assumption I. Malament’s 

Theorem is indisputable, but Premises 1 and 2 have been targets of 

criticism. For example, Grünbaum rejects condition (iii) of Premise 1 

and argues that a simultaneity relation relative to an observer does not 

have to be an equivalence relation.7) Others challenge Premise 2, claiming 

that a simultaneity relation relative to an observer O may be non-invariant 

under some TO causal automorphisms, such as temporal reflections (Sarkar 

and Stachel 1999) and scale transformations (Giulini 2001). Also, 

Ben-Yami (2006) claims that the causal relation Malament uses to define 

simultaneity relations, the causal connectibility relation κ, should be 

replaced by an asymmetric causal relation, which would allow a 

simultaneity relation relative to an observer to be non-invariant under 

temporal reflections. 

Still, these objections do not challenge Assumption I, which says 

that a simultaneity relation relative to an inertial observer O should 

not be defined in terms of the worldlines of some other observers 

whose worldlines are different from the worldline TO of O. Though 

seemingly very natural and plausible, it can be challenged, as we will 

see in Section 3. 

Besides Assumption I, Malament’s Argument rests on an implicit 

assumption, which has never been challenged before. In special 

relativity, it is taken for granted that a simultaneity relation is defined 

relative to a single observer. And note that Conclusion 3, which is 

silent about whether or not a simultaneity relation in special relativity 

should be defined relative to a single observer, does not follow from 

Conclusions 1-2 nor from Premises 1-2 and Malament’s Theorem, all 

of which are about simultaneity relations relative to single observers. 

That is, in order to derive Conclusion 3, we need the assumption that 

7) Grünbaum (2010), p. 1288.
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a simultaneity relation must be defined relative to a single observer, 

not relative to multiple observers, as follows:

(Assumption II) A relative simultaneity relation of special relativity 

should be a simultaneity relation relative to a single observer. 

Though many would take Assumptions I-II to be very natural and 

plausible, I challenge them and investigate what consequences follow 

if we reject them. 

3. Operational Definitions of Simultaneity Relations 

Relative to Multiple Observers 

In this section, I define operationally some simultaneity relations 

relative to multiple observers. I introduce Janis (1983)’s construction of 

a nonstandard simultaneity relation, show that this construction can be 

reformulated in operational terms, and argue that we can avoid 

objections raised against his construction if we take it as a construction 

of a simultaneity relation relative to multiple observers. 

3.1. Operational constructions of inertial frames of reference

In special relativity, various physical quantities and relations can be 

determined operationally using light signals and specially prepared 

clocks, as follows. First, we assume that each of the clocks we use 

runs at a constant or uniform rate, i.e., the periods between 

consecutive ticks do not change over time. And the clocks are 

identically constructed (i.e., made of the same types of matter in the 

same design and so on) so that they run or tick at the same rate. 
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And let us, for simplicity, idealize all material objects, including 

clocks, as point particles. Then, it is determined by the structural 

features of spacetime whether or not a clock or any other material 

object is in an inertial motion. Let us then say that two material 

objects are comoving if they are in the same inertial motion, i.e., they 

are inertially moving and their relative distance does not change over 

time. And the distance between two comoving clocks A and B can 

be determined to be half of the amount of time (measured by A) it 

takes for a light signal to travel from A to B, get reflected by B, and 

then return to A, which we assume to be the same as the amount of 

time (measured by B) it takes for a light signal to travel from B to 

A, get reflected by A, and then return to B. This implies that the 

average round-trip speed of a light signal traveling between two 

comoving clocks relative to either of the clocks is always 1. 

We can then construct inertial frames of reference in which O is 

stationary and which assigns each event or point in M a set of 

spatial and temporal coordinates, as follows. Let us consider, for 

simplicity, the case where M is two-dimensional (i.e., has one spatial 

dimension and one temporal dimension). Place infinitely many clocks 

in M so that the clocks are all comoving, and the distance between 

any two nearby clocks is the same―let us call these infinitely many 

clocks ‘O’s clocks.’ Let the spatial coordinate of O be 0. Each clock 

is then assigned a unique spatial coordinate. And if an event happens 

nearby a clock when it shows time t, its spatial coordinate is the 

spatial coordinate of the clock, and its temporal coordinate t―by 

making the distance between nearby clocks smaller and smaller, we 

can assign finer coordinates to events. 

And note that in special relativity, we need to distinguish between 

two types of speed of light relative to an inertial observer O: The 

one-way speed of light relative to O is the speed of light traveling 
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from a clock A of O’s to another clock B relative to O, i.e., the 

distance between A and B divided by the amount of time it takes for 

light to travel from A to B relative to O. The round-trip speed of 

light is the average speed of light making a round-trip between A 

and B, i.e., twice the distance between A and B divided by the 

amount of time it takes for light to travel from A to B and then 

back to A. As we have seen, the round-trip speed of light is 1 

relative to every inertial observer. But the one-way speed of light 

may not be so, depending on how O’s clocks are synchronized. 

Then, O’s clocks are synchronized as follows. Let A and B be any 

two clocks of O’s and dAB the distance between A and B. When A 

shows time t, send a light signal from A to B. When the signal arrives 

at B, set the clock at B so that it shows t+dAB/vAB, where vAB is the 

speed of light traveling from A to B relative to O. If all of O’s clocks 

are synchronized according to the assumption or convention that for 

every A and B, vAB is 1, then we say that the clocks are standardly 

synchronized. And if all of O’s clocks are standardly synchronized, let 

us call the resulting frame O’s standard frame. For any event happening 

at a point p and another event happening at another point q, they have 

the same temporal coordinate in O’s standard frame if and only if 

S-SimO(p, q), where S-SimO is the standard simultaneity relation relative 

to O defined in Section 2. In other words, adopting S-SimO is equivalent 

to taking the one-way speed of light relative to O to be 1 everywhere. 

Yet we can also construct nonstandard frames for O in which the 

one-way speed of light relative to O has some value other than 1. 

Reichenbach’s so-called ε-formulations of nonstandard frames are such 

examples.8) And Winnie (1970a, b) has shown that O’s standard frame 

and some collection of nonstandard frames are empirically equivalent 

8) Reichenbach (1958), p. 127.
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in the sense that they yield the same empirical predictions. And one 

nonstandard frame that will turn out to be useful is as follows. Let (x, 

t) be the coordinates of an event e in O’s standard frame. Let (x', t') 

be the coordinates of the same event e in a nonstandard frame of O’s 

in which O’s clocks are synchronized according to the assumption that 

the one-way speed of light traveling in the positive x-direction relative 

to O is v. Then, the following hold:

x' = x; t' = t−(1−1/v)x.9) ………………………………………(1)

If v=1, then of course, t'=t. But under the assumption that v has some 

value other than 1, the temporal coordinate of e in this nonstandard frame 

is in general different from that in O’s standard frame. 

3.2. Janis’s construction and simultaneity relations relative to multiple 

observers

Allen Janis (1983) presents a construction of a nonstandard simultaneity 

relation, which violates Assumption I and which is similar to one of 

9) These relations can be derived from Winnie’s ε-Lorentz transformations 

(Winnie 1970b, p. 234). Let (x, t) be the coordinate system that results if 

O1’s clocks are synchronized under the assumption that the speed of light 

in the x-direction is 1/2ε, and (x', t') the coordinate system that results if 

O2’s clocks ae synchronized under the assumption that the speed of light 

in the x-direction is 1/2ε'. And suppose that the velocity of O2 in the coordinate 

system (x, t) be the coordinate system is 
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my constructions of simultaneity relations relative to multiple observers. 

It is summarized in Grünbaum (2010) as follows:

[S]tandard simultaneity specifies that the events simultaneous with a 

given event on [an observer O1]’s worldline are those events lying 

in the hyperplane orthogonal to [O1]’s worldline and containing the 

given event. Suppose [O1] were to make a different (nonstandard) choice 

of simultaneity, as follows: By specifying a set of three parameters, 

[O1] can uniquely designate a time-like line that is inclined to [O1]’s 

worldline, intersecting it at a given event E. This line could be 

interpreted as the worldline of an observer, say [O2], moving with 

respect to [O1] ... but it should be emphasized that this construction is 

to be thought of as something carried out entirely by [O1]. ... [O1] then 

specifies that the events simultaneous with the event E on [O1]’s 

worldline are those events lying in the hyperplane orthogonal to [O2]’s 

worldline and containing E (Grünbaum 2010, p. 1292).

This construction can be reformulated as the following operational 

procedure. Consider two inertial observers, O1 and O2, who are in different 

inertial states of motion (i.e., they are inertially moving relative to each 

other). Suppose that O1’s clocks are standardly synchronized, and so are 

O2’s clocks. Note that when a clock A1 of O1’s meets with a clock A2 

of O2’s, O1 (or her assistant at the location of A1) can read A2, and 

vice versa. Now, what if O1 assigns an event happening at the location 

of A1 not the reading of A1 but instead the reading of A2? Would this 

produce a physically viable coordinate system? The answer is yes if we 

slightly modify the clock readings, as follows.

Let (x, t) be the coordinates of an event e in O1’s standard frame 

and (x', t') the coordinates of the same event e in O2’s standard 

frame. And let β be the velocity of O2 in O1’s standard frame. And 
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assume that the origins of both coordinate systems represent one and 

the same point. Then, it is well-known that the following Lorentz 

transformations hold:

x' = (x−βt); t' = (t−βx), where  = 1/(1−β2)1/2. …………(2)

Now let the hybrid frame H(O1, O2) for the ordered pair (O1, O2) be 

the one that assigns e the following coordinates (xH, tH):

xH = x; tH = t'/ = t−βx. ………………………………………(3)

That is, the spatial coordinate of e in H(O1, O2) is e’s spatial coordinate 

in O1’s standard frame, and the temporal coordinate of e in H(O1, O2) 

is e’s temporal coordinate in O2’s standard frame divided by ─here, 

t' is divided by  to ensure that the round-trip speed of light is 1.10) 

The hybrid frame H(O1, O2) is empirically equivalent to O1’s 

standard frame. This can be seen by comparing Eqs. (3) with Eqs. 

(1) in Section 3.1. (xH, tH) are the coordinates that result when O1’s 

clocks are synchronized according to the assumption that the one-way 

speed v of light traveling in the positive x-direction is such that 1−

1/v=β, or equivalently, v=1/(1−β). As Winnie (1970a, b) has shown, 

10) Suppose that a light ray is emitted from and returns to O1 after reflected 

at a location whose distance from O1 is d. Let e1 and e2 denote the events 

of the emission and the reception of the light ray. Let the coordinates of 

e1 be (0, 0) and the coordinates of e2 (0, 2d), respectively, in O1’s standard 

frame. Because of time dilation (or by the Lorentz transformations), the 

temporal coordinate of e2 in O2’s standard frame is ×2d. If we assign e2  

the temporal coordinate of e2 in O2’s standard frame, then e2 has the 

coordinates (0, ×2d), which means that the two-way speed of the light 

ray is not 1 but 1/. This is unacceptable.
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thus, H(O1, O2) is empirical equivalent to O1’s standard frame. 

Let SimH(O1,O2) be the simultaneity relation {(p, q) | p, q ∈ M, and 

p and q have the same temporal coordinate in H(O1, O2)}. Since tH = 

t'/, two points that have the same temporal coordinate in O2’s 

standard frame also have the same temporal coordinate in H(O1, O2). 

That is, SimH(O1,O2)=S-SimO2. This means that SimH(O1,O2) is the 

simultaneity relation that Janis constructs for the observer O1 when 

the observer designated by the given set of parameters is O2.

Still, there is an important difference between Janis’s construction 

and mine. As Grünbaum emphasizes in the passage quoted in the 

beginning of this subsection, Janis aims to construct a simultaneity 

relation relative to a single observer. By contrast, I propose that 

SimH(O1,O2) be taken as a simultaneity relation relative to two 

observers O1 and O2. And if we treat SimH(O1,O2) as a simultaneity 

relation relative to O1 and O2, we can avoid the following objections 

raised against Janis’s construction.

Note that Janis’s construction violates Assumption I in two respects. 

First, Janis’s nonstandard simultaneity relation relative to O1 is defined 

from a set of three parameters in addition to O1’s worldline and κ. Second, 

since Janis’s simultaneity relation relative to O1 is the same as S-SimO2, 

some might complain that O1 is just borrowing the simultaneity relation 

that is defined from O2’s worldline, and so Janis’s simultaneity relation 

relative to O1 is not legitimately defined from O1’s worldline. This is 

the objection that Ben-Yami (2006) raises against Janis’s construction, 

as follows: 

The idea behind Malament’s proof is that we are given a certain 

observer [O1] and a certain relation κ, and we try to define a 

simultaneity relation for this pair of observer and relation. The fact 

that [O1] is the only observer who plays a role in Malament’s proof 

is not arbitrary—[O1] represents the observer relative to whom a 
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simultaneity relation is to be defined. ... And if we now introduce 

a different physical object or observer [O2] and determine by reference 

to [O2] and κ a set of events that stand in a specific relation to [O1], 

it is obvious that we have not determined any relation between [O1] 

and these events. Accordingly, Janis’s introduction of a different 

possible observer is unjustified because one should not distinguish 

the observer relative to which simultaneity is to be defined from the 

observer by means of which simultaneity is defined. (Ben-Yami 2006, 

p. 476)

What underlies this objection is Assumption I: A simultaneity relation 

relative to O1 should be defined by means of O1, not by means of 

some other observer(s). 

However, these objections do not apply to SimH(O1,O2), a relation relative 

to O1 and O2. First, the definition of SimH(O1,O2) does not involve any 

extra set of parameters. It involves only O1 and O2. Second, SimH(O1,O2) 

is a simultaneity relation relative to O1 and O2 and is defined by means 

of them. Thus, no distinction is made between the observers relative to 

whom simultaneity is defined and the observers by means of whom it 

is defined. 

Some might still insist that SimH(O1,O2) is not legitimately defined 

by means of O1 and O2 for the reason that it is determined solely by 

means of O2─after all, SimH(O1,O2)=S-SimO2. This objection, I believe, 

is unreasonable: SimH(O1,O2) is defined by means of O1 and O2 as we 

have seen, and that is what we require, reasonably, of simultaneity 

relations relative to O1 and O2, as we require a simultaneity relation 

relative to an observer O to be defined by means of O.

And SimH(O1,O2) is not the only simultaneity relation relative to O1 

and O2. O1 and O2 may decide to construct a common simultaneity 

relation in a fair way by taking the average value of their 

coordinates. Again, let (x, t) be the coordinates of an event e in O1’s 

standard frame and (x', t') in O2’s standard frame. And β is the 
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velocity of O2 in O1’s standard frame. Define the average frame 

A{O1, O2} for the set {O1, O2} as the one whose coordinates (xA, tA) 

are as follows:

xA=



(x+x'); ; tA=



(t+t'), where  =1/(1−β2)1/2. …(4)

Note that by Eqs. (2), 

xA=



(x+x')=



(x+(x−βt))=










(x−



t),

tA=



(t+t')=



(t+(t−βx))=










(t−



x), …(5)





 







.

Let O12 be an inertial observer whose velocity in O1’s standard frame 

is β/(+1). By comparing Eqs. (5) with Eqs. (2), we can see that the 

average frame A{O1, O2} is identical with O12’s standard frame. Note 

also that the velocity of O12 in O2’s standard frame is −β/(+1): This 

follows from the so-called velocity addition formula, v'=(v−β)/(1−vβ), 

where β is the velocity of O2 in O1’s standard frame, v is the velocity 

of an object in O1’s standard frame, and v' is the velocity of the object 

in O2’s standard frame─if v=β/(+1), then v'=−β/(+1). Thus, the 

velocity of O1 in O12’s standard frame is −β/(+1) while the velocity 

of O2 in O12’s standard frame is β/(+1)─the velocity of O1 in O12’s 

standard frame has the same magnitude but in the opposite direction as 

the velocity of O12 in O1’s standard frame. That is, O12 is an observer 

relative to whom O1 and O2 are moving with the same speed in opposite 
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directions. In this sense, O12 is in a motion that is the average of the 

motions of O1 and O2. 

Let SimA{O1,O2} be the simultaneity relation {(p, q) | p, q ∈ M, 

and p and q have the same temporal coordinate in A{O1, O2}}. 

SimA{O1,O2}=S-SimO12. Yet SimA{O1,O2} is a simultaneity relation relative 

to O1 and O2, defined by means of them. And besides SimH(O1,O2) and 

SimA{O1,O2}, we can construct infinitely many different simultaneity 

relations relative to O1 and O2 by taking weighted averages of (x, t) 

and (x', t').11) These are all legitimate simultaneity relations relative to 

multiple observers, which I will argue in more detail in Section 4. 

And Ben-Yami’s complaint against Janis’s construction that a 

simultaneity relation relative to O1 should be defined by means of O1 

does not apply to them, for they are all defined by means of the 

involved multiple observers. In this respect, they respect the spirit of 

Assumption I: They all satisfy the condition that a simultaneity 

relation relative to multiple observers should not be defined by means 

of observers other than them. 

4. Explicit Definitions From the Causal Connectibility Relation

SimH(O1,O2) is the simultaneity relation {(p, q) | p, q ∈ M, and p and 

q have the same temporal coordinate in H(O1, O2)}, where the 

coordinates (xH, tH) in H(O1, O2) are defined as in Eqs. (3). And 

SimA{O1,O2} is the simultaneity relation {(p, q) | p, q ∈ M, and p and 

q have the same temporal coordinate in A{O1, O2}}, where the 

coordinates (xA, tA) in A{O1, O2} are defined as in Eqs. (4). I show 

11) These constructions of hybrid and average frames (and other simultaneity 

relations resulting from weighted sum) can be easily extended to frames 

for a collection of any finite number of observers. 



Simultaneity Relations Relative to Multiple Observers In Special Relativity 93

in this section that they are explicitly definable in Minkowski spacetime 

M from the causal connectibility relation κ and the worldlines of O1 

and O2. The legitimacy of these definitions, which will be made 

intuitively clear in this section, is proven in the Appendix. I then argue 

that they are as legitimate simultaneity relations as a simultaneity 

relation relative to a single observer is. 

Clearly, SimH(O1,O2) is explicitly definable from κ and the worldlines 

of O1 and O2: SimH(O1,O2)=S-SimO2, and S-SimO2 is explicitly definable from 

κ and the worldline of O2. And whatever is definable from κ and the 

worldline of O2 is definable from κ and the worldlines of O1 and O2. 

It is not obvious whether SimA{O1,O2} is so definable. Letting β be 

the velocity of O2 in O1’s standard frame and  = 1/(1−β2)1/2, 

SimA{O1,O2}=S-SimO12, where O12 is an inertial observer relative to whom 

O1 and O2 are moving with the same speed β/(+1) but in opposite 

directions. Then, the starting point of the explicit definition of SimA(O1,O2) 

from κ and the worldlines of O1 and O2 is, as mentioned in the beginning 

of Section 2, that the following terms are explicitly definable from κ: 

(1) spacetime points e1 are e2 are timelike/spacelike/lightlike separated;

(2) spacetime point pair (e1, e2) is congruent to pair (e3, e4)─in 

symbols, Cong(e1, e2, e3, e4);

(3) spacetime point pair (e1, e2) is orthogonal to pair (e3, e4)─in 

symbols, Orth(e1, e2, e3, e4);

(4) (i) a set of spacetime points is a timelike/spacelike/lightlike line;

   (ii) the line passing through e1 and e2─in symbols l(e1, e2);

(5) a line is parallel to another line.

For any timelike line T, let OrthT be the set of spacetime point pairs 

that are orthogonal to (any pair of distinct points in) T. Note that if 

T is the worldline of an inertial observer O, then OrthT=S-SimO. Given 
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any two inertial observers O1 and O2, whose worldlines are timelike 

lines T1 and T2, respectively, the following three cases are disjoint and 

exhaustive: (i) O1 and O2 are comoving, i.e., their worldlines T1 and 

T2 are identical or parallel; (ii) O1 and O2 are inertially moving relative 

to each other while meeting once, that is, T1 and T2 are nonparallel 

while intersecting at exactly one point e0 (i.e., T1∩T2 = e0), and (iii) 

O1 and O2 are inertially moving relative to each other without meeting 

at all, that is, T1 and T2 are nonparallel and do not intersect.

In the first case where O1 and O2 are comoving, S-SimO1=S-SimO2. And 

β=0, and so β/(+1) = 0. Thus, an inertial observer O12 whose velocity 

in O1’s standard frame is β/(+1) is also comoving with O1 and O2, 

and so S-SimO12=S-SimO1. SimA{O1,O2} is thus definable in terms of κ and 

the worldlines of O1 and O2 since SimA{O1,O2}=S-SimO12=S-SimO1, and 

S-SimO1 is definable in terms of κ and the worldlines of O1 and O2.

In the second case where T1∩T2 = e0, take any two points e1∈T1 

and e2∈T2 such that Cong(e1, e0, e2, e0), and e1 and e2 are spacelike 

separated (that is, e0 is not temporally between e1 and e2)─Cong(e1, e0, 

e2, e0) means that the interval between e1 and e0 is the same as that 

between e2 and e0 (see the Appendix). Let e12 denote the point on the 

line l(e1, e2) passing through e1 and e2 satisfying the condition that 

Cong(e1, e12, e2, e12). e12 is unique given e1 and e2 (Fig. 1, left).12) l(e0, 

e12) is a timelike line that is independent of any particular choice of 

e1 and e2. Denote it by T12. To sum up, T12 = {e | e∈ l(e0, e12), e0=T1

∩T2, e1∈T1, e2∈T2, e1≠e2, Cong(e1, e0, e2, e0), e1 and e2 are 

spacelike separated, e12∈l(e1, e2), and Cong(e1, e12, e2, e12)}. T12 is a 

timelike line uniquely determined by, and distinct from, T1 and T2.13)

And SimA{O1,O2}=OrthT12. This seems intuitively correct, considering 

that (1) SimA{O1,O2}=S-SimO12, where O12 is an inertial observer relative 

12) See Theorem 5 in the Appendix for proofs.

13) See Theorem 5 in the Appendix for proofs.
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to whom O1 and O2 are moving with the same speed but in opposite 

directions, and (2) T12 is a timelike line that is exactly in the middle 

of T1 and T2. That is, T12 is the worldline of O12. And it can be shown 

rigorously as follows. Take any two distinct points e and e' on T12. e 

and e' are causally connectible since T12 is timelike. Let a, b ∈ T1 and 

c, d ∈ T2 be points such that (e, a), (e, c), (e', b), and (e', d) are all 

orthogonal to T12. That is, relative to an observer whose worldline is 

T12, a and c are standardly simultaneously with e, and b and d are 

standardly simultaneously with e' (Fig. 1, right). This means that in the 

standard frame of an observer whose worldline is T12, the difference 

between the temporal coordinates of a and b is the same as that of c 

and d. And Cong(a, b, c, d).14) This implies that the distance between 

a and b is also the same as that between c and d in this frame. Relative 

to an observer whose worldline T12, thus, the speed of O1 is identical 

with that of O2. Since T1, T2, and T12 are on one and the same plane, 

therefore, O1 and O2 are moving with the same speed in opposite 

directions relative to an observer whose worldline T12. And O12 is 

such an observer! Therefore, T12 is the worldline of O12, and so 

SimA{O1,O2}=S-SimO12=OrthT12. Since OrthT12 is definable from κ and the 

worldlines of O1 and O2 (as we have seen above), so is SimA{O1,O2}.

14) See Theorem 6 in the Appendix.
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Finally, in the case where T1 and T2 are nonparallel and do not 

intersect, take any timelike line T3 that is parallel to T2 and 

intersects T1. Let T13 be the timelike line constructed out of T1 and 

T3 following the procedure described in the second case. OrthT13 is 

independent of any particular choice of T3.15) Then, SimA{O1,O2}= 

OrthT13. Therefore, SimA{O1,O2} is definable from κ and the 

worldlines of O1 and O2.

Let me address one possible worry about the above construction. 

Some might insist that SimA{O1,O2} is defined from κ and T12, but not 

from κ, T1, and T2, because it is identical with OrthT12. But the 

above definition of SimA{O1,O2} does not contain any terms referring 

to or dependent on anything other than (those that can be 

constructed out of) κ, T1, and T2, and it is invariant under all the 

causal automorphisms that map T1 onto T1, and T2 onto T2. Like 

Premise 2 of Malament’s Argument introduced in Section 2, this is 

the very sense in which we can say that SimA{O1,O2} is definable 

from κ, T1, and T2. Note that T12 is definable from κ, T1, and T2─

no one would deny this. Thus, it would be inconsistent to claim that 

SimA{O1,O2} is not definable from κ, T1, and T2, while at the same 

time claiming that it is definable from and κ and T12 and that T12 is 

definable from κ, T1, and T2. Thus, SimA{O1,O2} is definable from κ, 

T1, and T2.

Let me now argue that SimH(O1,O2) and SimA{O1,O2} are as legitimate 

simultaneity relations as S-SimO is. As S-SimO satisfies the 

conditions in Premise 1 of Malament’s Argument, SimH(O1,O2) and 

SimA{O1,O2} satisfy the following conditions:

15) See Theorem 7 in the Appendix. 
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(i) Each of SimH(O1,O2) and SimA{O1,O2} is a two-place relation that 

is not the universal relation.

(ii) Each of SimH(O1,O2) and SimA{O1,O2} is nontrivial in the sense 

that there exist points a, b ∈ T1⋃T2 and c, d ∉ T1⋃T2 such 

that SimH(O1,O2)(a, b) and  SimA{O1,O2}(c, d).

(iii) Each of SimH(O1,O2) and SimA{O1,O2} is an equivalence relation.

Furthermore, as S-SimO is definable from κ and the worldline of O, 

so is each of SimH(O1,O2) and SimA{O1,O2} definable from κ and the 

worldlines of O1 and O2. Thus, if the fact that S-SimO satisfies the 

conditions in Premise 1 and is definable from κ and the worldline of 

O provides enough reason to take it to be a legitimate simultaneity 

relation relative to O, then the fact that each of SimH(O1,O2) and 

SimA{O1,O2} satisfies the above conditions (i)-(iii) and is definable from 

κ and the worldlines of O1 and O2 provides enough reason to take 

them to be legitimate simultaneity relations relative to O1 and O2. 

And here is another argument for SimA{O1,O2}: It is very natural to 

take SimA{O1,O2} as a simultaneity relation relative to O1 and O2, as it 

is very natural to take S-SimO as a simultaneity relation relative to O. 

Consider the question: Given two inertial observers O1 and O2, which 

points on the worldline of O1 should be taken to be simultaneous 

with which points on the worldline of O2? To this question, there is 

a very natural answer. Suppose that O1 and O2 are moving relative to 

each other and meet exactly once. Suppose that when O1 and O2 

meet, both the clock that O1 is carrying and the clock that O2 is 

carrying show the same time. Considering that the clocks of O1 and 

O2 are identically constructed so that they tick at the same rate and 

that neither of O1 and O2 is more special than the other, it is then 

very natural to take the event e1 of O1’s clock showing time t and 

the event e2 of O2’s clock showing the same time t to be 
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simultaneous relative to O1 and O2, for any t. And this is exactly 

what SimA{O1,O2} says: SimA{O1,O2}=S-SimO12, where O12 is an observer 

relative to whom O1 and O2 are moving with the same speed in 

opposite directions, and e1 and e2 have the same temporal coordinate 

in O12’s standard frame. 

Some might protest that it is merely a result of pre-relativistic 

naivete to take the event e1 of O1’s clock showing time t and the event 

e2 of O2’s clock showing the same time t to be simultaneous. The 

effect of time dilation, they would say, makes O2’s clock run slower 

than O1’s clock from O1’s point of view, and so O1 must conclude that 

O2’s clock showing t happens later than her clock showing t─a similar 

conclusion must be made by O2. This objection presupposes that a 

simultaneity relation relative to O1 and O2 must be either a (or the 

standard) simultaneity relation relative to O1 or a (or the standard) 

simultaneity relation relative to O2. But when we determine a 

simultaneity relation relative to O1 and O2, we do not have any good 

reason to privilege one of O1 and O2 over the other. If we treat O1 and 

O2 equally when we determine a simultaneity relation relative to O1 

and O2, SimA{O1,O2} is a much more natural choice. For example, we 

human observers living on Earth can be understood as sharing one 

simultaneity relation even though we are moving relative to one 

another. The simultaneity relation we share can be thought of as that 

of an average frame for all the observers on Earth, in which the sum 

of the velocities of all the observers is zero.

5. Implications on Malament’s Argument

Given a timelike line T in M, OrthT is the set of pairs of spacetime 

points in M that are orthogonal to T. OrthT is special. It is the only 
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set of spacetime point pairs definable from κ and T, satisfying the 

conditions of Premises 1-2 of Malament’s Argument introduced in 

Section 2. This is Malament’s Theorem. And from this, Malament 

concludes that “the relative simultaneity relation of special relativity 

is uniquely definable from [κ].”16) And he is not alone. Many others 

accept this conclusion. For example, Friedman says, “in Minkowski 

spacetime the standard [simultaneity] relation is explicitly definable 

from [the causal structure of M] ..., whereas the nonstandard relations 

are not so definable.”17) Norton says that Malament “showed that the 

standard simultaneity relation was the only nontrivial simultaneity 

relation definable from the causal structure of a Minkowski spacetime 

of special relativity.”18) And Torretti also says, “Malament proved 

that simultaneity by standard synchronism in an inertial frame F is 

the only non-universal equivalence between events at different points 

of F that is definable ... from causal connectibility alone, for a given 

F.”19) But does Malament’s Theorem really imply that the 

simultaneity relation relative to an observer O whose worldline is T 

must be OrthT and that the standard simultaneity relation is the only 

nontrivial simultaneity relation definable from κ? My answer is no.

Malament’s Theorem does not in itself imply that the simultaneity 

relation relative to an observer O whose worldline is T must be 

OrthT. Additional assumptions like Premises 1-2 and Assumption I 

are needed to draw this conclusion. What I challenge is Assumption I 

that a simultaneity relation relative to an inertial observer O should 

be definable from κ and the worldline of O. 

Granted that simultaneity relations in special relativity are 

16) Malament (1977), p. 293.

17) Friedman (1983), p. 310.

18) Norton (1992), p. 222.

19) Torretti (1983), p. 229. 
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“[observer] dependent so that unless we specify an inertial [observer] 

in some way we should expect no interesting results at all,”20) how 

observer-dependent should they be? Advocates of Assumption I would 

claim that “one cannot expect to define simultaneity relative to [an 

observer] without making reference to [her/his worldline]” (Malament 

1977, 296). This seems very natural. It is as natural as taking the 

spatial coordinate of O to be 0 when we construct an inertial frame 

of reference for O. 

Yet the problem of Assumption I is that when it is employed in 

Malament’s argument to draw the conclusion (namely, Conclusion 2 of 

Malament’s Argument) that S-SimO is the only simultaneity relation 

relative to O that is definable from κ and TO, it carries the implication 

that S-SimO is ontologically superior to nonstandard simultaneity 

relations in the sense that S-SimO is the simultaneity relation that really 

obtains in nature whereas nonstandard simultaneity relations are not. 

But there is no good reason to accept Assumption I when it carries 

such an implication. It is natural to assign an observer O the spatial 

coordinate 0 when we construct an inertial frame of reference for O. 

But this practice does not make O or her location any more special 

than other observers and their locations. Rather, the assignment of the 

spatial coordinate 0 to O is merely for convenience. It is completely 

acceptable, though perhaps inconvenient, to assign O some spatial 

coordinate other than 0. 

Likewise, no timelike line in M is any more special than any other 

timelike line: Each of them is as real as any other. Considering the 

fact that the causal structure of M itself does not favor any particular 

timelike line and yet we need to make reference to an observer or a 

timelike line to define a simultaneity relation, it is ontologically fair 

to require that a simultaneity relation relative to an observer be 

20)  Norton (1992), p. 223.
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defined from κ and some timelike line without endowing that chosen 

timelike line with any privileged status. Granted, it is simpler to 

choose a simultaneity relation defined from the worldline of O (and 

κ) as the simultaneity relation relative to O. But this does not mean 

that it is more right to do so than to choose any nonstandard 

simultaneity relation. In short, there is no good reason except for 

convenience to require that a simultaneity relation relative to O be 

defined in terms of the worldline of O (and κ). 

This is one of the reasons why I believe that Janis’s construction 

of nonstandard simultaneity relations is enough to refute Malament’s 

claim that the standard simultaneity relation is the only nontrivial 

simultaneity relation definable from κ. The denial of Assumption I is 

at the core of Janis’s construction.

Furthermore, if simultaneity relations relative to multiple observers 

such as SimH(O1,O2) and SimA{O1,O2} are legitimate simultaneity 

relations, then we have a more compelling reason to reject 

Assumption I and the conclusion that S-SimO is the only simultaneity 

relation relative to O that is definable from κ. Suppose, as argued in 

Section 4, simultaneity relations relative to multiple observers such as 

SimH(O1,O2) and SimA{O1,O2} are as legitimate as S-SimO is. Then, the 

following is natural and plausible:

(Sharing) Given any two inerital observers O1 and O2, a simultaneity 

relation relative to O1 and O2 is a simultaneity relation relative to O1 

(shared with O2).

As we human observers living on Earth can be understood as sharing 

one simultaneity relation, each of SimH(O1,O2) and SimA{O1,O2} is a 

simultaneity relation that O1 and O2 share. Thus, each of them is a 

simultaneity relation relative to O1 (shared with O2). Thus, 
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Assumption I is false since neither SimH(O1,O2) and SimA{O1,O2} is 

definable from κ and O1. Consequently, S-SimO is not the only 

simultaneity relation relative to O that is definable from κ. 

Even if we reject Sharing, the conclusion that the relative 

simultaneity relation of special relativity is uniquely definable from κ 

does not follow. This claim rests on Assumption II that every relative 

simultaneity relation of special relativity is a simultaneity relation 

relative to a single observer, which is false if SimH(O1,O2) and 

SimA{O1,O2} are legitimate simultaneity relations relative to O1 and O2. 

Once we reject Assumption II, it is an open choice to adopt a 

simultaneity relation relative to a single observer or a simultaneity 

relation relative to multiple observers. Depending on which choice we 

make, we end up with different simultaneity relations. Thus, the 

relative simultaneity relation of special relativity is not uniquely 

definable from κ. 

6. Conclusion

In special relativity, it is a standard practice to define a simultaneity 

relation relative to a single inertial observer. Yet we can operationally 

define simultaneity relations relative to multiple observers, which are 

also explicitly definable from the causal connectibility relation and 

the worldlines of the involved observers. They are as legitimate 

simultaneity relations as a simultaneity relation relative to a single 

observer is, and yet they are distinct from the standard simultaneity 

relation. Thus, the relative simultaneity relation of special relativity is 

not uniquely definable from the causal structure of Minkowski 

spacetime. 
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Appendix: Proofs and Justification: Proofs and Justification

I will treat Minkowski spacetime as an affine Minkowski metric 

space <M, (V, g), A>, whose components are defined as 

follows21).

  (1) M is the set of spacetime points.

  (2) (V, g) is a four dimensional real vector space with the Minkowski 

inner product g on V satisfying the conditions:

    (i) for all a, b, c, d ∈ R (the set of reals), and any u, v, w, 

x ∈ V, g(au+bv, cw+dx) = acg(u, w) + adg(u, x) + bcg(v, 

w) + bdg(v, x);

    (ii) for all u, v ∈ V, g(u, v) = g(v, u);

    (iii) g(u, v) = 0 for all v∈V implies that u is the zero vector;

    (iv) there are four linearly independent vectors v1, v2, v3, and 

v4 in V such that g(v4, v4) < 0 and g(vk, vk) > 0 for k = 

1, 2, 3.

21) Cf. Winnie (1977), pp. 173-4; Snapper and Troyer (1971).
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  (3) A is an action function from v×M to M such that for every 

x∈M and for all u, v ∈ V,

    (i) A(0, e) = e, where 0 is the zero vector of V;

    (ii) if A(u, e) = A(v, e) then u = v;

    (iii) A(u+v, e) = A(u, A(v, e)).22)

As Winnie (1977) remarks, theorems proven in such a vector space <V, 

g> hold for M since all affine Minkowski metric spaces are isomorphic 

(pp. 173-4). However, in order to make it clear that the theorems to 

be proven consist only of terms and predicates definable from the causal 

connectibility relation κ, I will continue to distinguish between M and 

its metric vector space <V, g>. The connections between the two can 

be made, for example, as follows: Let e1, e2, e3, and e4 be any spacetime 

points in M. Let u and v be the vectors in V such that A(u, e1)=e2 and 

A(v, e3) = e4. Then,

  (T1) e1 are e2 are timelike separated iff g(u, u) < 0; lightlike 

separated iff g(u, u) = 0; and spacelike separated iff g(u, u) 

> 0;

  (T2) Cong(e1, e2, e3, e4) iff g(u, u) = g(v, v);

  (T3) Orth(e1, e2, e3, e4) iff g(u, v) = 0;

  (T4) (if e1≠e2) e ∈ l(e1, e2) iff there exists some t ∈ R such 

that A(tu, e1) = e;

  (T5) for any two lines l and m in M, they are parallel to each 

other iff for all e1, e2 ∈ l (e1≠e2) and e3, e4 ∈ m (e3≠

e4), and for all u, v ∈ V, if A(u, e1) = e2 and A(v, e3) = 

e4, then u and v are parallel.

22) See Winnie (1977), p. 173. Note, consequently, that e = A(u−u, e) = A(u, 

A(−u, e)).
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Given vectors u, v ∈ V, the interval I(u, v) between them is defined 

as I(u, v) = g(u-v, u-v). Then the following theorems hold in <V, g>.

Theorem 1. Let v1 and v2 be any two distinct vectors in V such 

that I(v1, v2)≠0. For every v12∈V, v12=(v1+v2)/2 if and only 

if v12-v1 = t(v2-v1) for some t ∈ R and I(v1, v12) = I(v2, 

v12).

Proof: The only-if part is trivial. The proof of the if-part is as 

follows. Assume v12-v1 = t(v2-v1) for some real number t. 

That is, t(v2-v12) = (t-1)(v1-v12). Thus, t2I(v2, v12) = t2g(v2-v12, 

v2-v12) = (t-1)2g(v1-v12, v1-v12) = (t-1)2I(v1, v12) = (t-1)2I(v2, 

v12). t=1/2 and so v12=(v1+v2)/2. And g(v2-v1, v1+v2) = 0 and 

so g(v2-v1, v12) = 0.

Theorem 2. Let v1 and v2 be any two distinct vectors in V such 

that I(v1, v2) > 0, g(v1, v1) < 0 and g(v2, v2) < 0. Suppose 

v12=(v1+v2)/2. Then, g(v12, v12) < 0.

Proof: g(v12, v12) = g(v1, v1) + g(v2, v2) + 2g(v1, v2) < 0 for g(v1, 

v1), g(v2, v2) < 0 and g(v1, v2) < 0 (the inner product of 

two timelike vectors both of which are either future-directed 

or past directed is negative).

Theorem 3 Let v1, v2, v3, and v4 be any vectors in V such that (i) 

v3 = sv1 and v4 = tv2 for some s, t ∈ R; (ii) g(v1, v1) = 

g(v2, v2) < 0 and g(v3, v3) = g(v4, v4) < 0; (iii) I(v1, v2) > 

0, I(v3, v4) > 0. Let v12 = (v1+v2)/2 and v34 = (v3+v4)/2. 

Then, s = t and v34 = sv12.

Proof: t2g(v3, v3) = t2s2g(v1, v1) = t2s2g(v2, v2) = s2g(v4, v4) = 

s2I(v3, v3). Since g(v3, v3) ≠ 0, s2 = t2. Since I(v1, v2), I(v3, 

v4) > 0, s=t. Thus, v34 = sv12.

Theorem 4. Let v1 and v2 be any two distinct vectors in V such 

that g(v1, v1) = g(v2, v2). Then, g(v1-v2, v12) = 0, where 

v12=(v1+v2)/2.
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Proof: g(v1-v2, v1+v2) = g(v1, v1) - g(v2, v2) = 0. So g(v1-v2, v12) = 

0.

And the following hold in any affine Minkowski metric space <M, 

(V, g), A>.

Theorem 5. Let T1 and T2 be timelike lines in M such that they 

are nonparallel and T1∩T2=e0. Take any spacetime points e1, 

e3 ∈ T1 (e1≠e3) and e2, e4 ∈ T2 such that (i) none of e1, 

e2, e3, and e4 is identical with e0; (ii) Cong(e1, e0, e2, e0), 

Cong(e3, e0, e4, e0); and (iii) e1 and e2 are spacelike 

separated and so are e3 and e4. Let e12 be a point in l(e1, 

e2) such that Cong(e1, e12, e2, e12). Let e34 be a point in 

l(e3, e4) such that Cong(e3, e34, e4, e34). Then, (i) e12 is 

unique given e1 and e2; (ii) l(e0, e12) is a timelike line; (iii) 

l(e0, e12) = l(e0, e34); (iv) e2≠e4, e12≠e34; and (v) both l(e1, 

e2) and l(e3, e4) are orthogonal to T12.

Proof: Let v1, v2 and v12 be the vectors in V such that A(v1, e0) = 

e1, A(v2, e0) = e2, and A(v12, e0) = e12. Then, A(v2-v1, e1) = 

A(v2, A(-v1, e1)) = A(v2, A(-v1, A(v1, e0))) = A(v2, e0) = e2. 

Since e12 is in l(e1, e2), there exists some t∈R such that 

A(t(v2-v1), e1) = e12 by (T4). Note that e12 = A(t(v2-v1), e1) 

= A(t(v2-v1), A(v1, e0)) = A(t(v2-v1)+v1, e0). Thus, v12 = 

t(v2-v1) + v1. Thus, by Theorem 1, v12 = (v1+v2)/2, which 

implies that e12 is unique. This also shows that l(e0, e12) is 

timelike since g(v12, v12) < 0  by Theorem 2. Note that, 

since Cong(e1, e0, e2, e0), g(v1, v1) = g(v2, v2) by (T2). 

Then, by Theorem 4, g(v1-v2, v12) = 0, which implies 

Orth(e1, e2, e0, e12) by (T3). Thus, l(e1, e2) is orthogonal to 

T12. Likewise, l(e3, e4) is orthogonal to T12.

Let v3, v4, and v34 be the vectors in V such that A(v3, e0) = e3, 
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A(v4, e0) = e4, and A(v34, e0) = e34. v34 = (v3+v4)/2 and e34 

is unique. By Theorem 2, g(v12, v12) < 0, g(v34, v34) < 0 

and so e0 and e12 (or e34) are timelike separated. Thus, l(e0, 

e12) and l(e0, e34) are timelike lines.

Since e3 ∈ l(e0, e1) = T1, there exists some s ∈ R such that 

A(sv1, e0) = e3-v1 is a non-zero vector and s≠1 since e1≠

e3. Likewise, for some t ∈ R, A(tv2, e0) = e4. Thus, v3 = 

sv1 and v4 = tv2. By Theorem 3, s=t and v34=sv13─this 

proves that e2≠e4 and e12≠e34. Take any e ∈ l(e0, e34). For 

some r ∈ R, A(rv34, e0) = e. Thus, A(rsv12, e0) = e. 

Therefore e ∈ l(e0, e12). The converse also holds. Hence, 

l(e0, e12) = l(e0, e34). This is T12 defined in Section 3. Thus, 

T12 is unique and parallel neither to T1 nor to T2. Thus, 

OrthT12 is uniquely determined and distinct from OrthT1 and 

OrthT2.

Theorem 6. Let T1 and T2 be timelike lines in M such that they 

are nonparallel and T1∩T2=e0. Let T12 be the line defined in 

Section 3 (and also in Theorem 5). Take any two distinct 

points e and e' in T12. Let e1, e3 ∈ T1 and e2, e4 ∈ T2 be 

points such that (e, e1), (e, e2), (e', e3), and (e', e4) are all 

orthogonal to T12. Then, (i) such e1, e3 ∈ T1 and e2, e4 ∈ 

T2 are uniquely determined, (ii) e1≠e3 and e2≠e4, (iii) 

Cong(e1, e0, e2, e0), and (iv) Cong(e1, e3, e2, e4).

Proof: (i) and (ii) are straightforward─see Theorem 5 (iii)-(iv). For 

(iii), let e'2∈T2 be such that Cong(e1, e0, e'2, e0). By (v) of 

Theorem 5, (e, e'2) is orthogonal to T12. By (i), e'2=e2, and 

so Cong(e1, e0, e2, e0). Let v1, v2, v3, and v4 be such that 

A(vi, e0) = ei for i = 1, 2, 3, 4. It can be easily shown that 

for v3 = tv1 and v4 = tv2 for some t∈R and that A(v3-v1, 

e1) = e3 and A(v4-v2, e2)) = e4─see the proof of Theorem 
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5. Since Cong(e1, e0, e2, e0), g(v1, v1) = g(v2, v2) by (T2). 

Thus, g(v3-v1, v3-v1) = (t-1)2g(v1, v1) = (t-1)2g(v2, v2) = 

g(v4-v2, v4-v2), which implies, by (T2), that Cong(e1, e3, e2, 

e4).

Theorem 7 Let T2 and T2 be timelike lines in M such that they 

are nonparallel and T1∩T2 is the empty set. Let T3 be any 

timelike line that is parallel to T2 and intersects T1. Let T13 

be the timelike line constructed out of T1 and T3 following 

the procedure of the second case described in Section 3 (and 

also in the proof of Theorem 5). OrthT13 is independent of 

any particular choice of T3, i.e., is uniquely determined by 

T1 and T2.

Proof: Take any two timelike lines T3 and T4 such that both T3 and 

T4 are parallel to T2 and for some points e0 and e'0, T1∩T3=e0 

and T1∩T4=e'0. If e0=e'0, T13=T14. If e0≠e'0, it is easy to see 

that T13 and T14 are parallel. Thus, OrthT13=OrthT14.
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다중 관찰자에 대해 정의된 동시성 관계 

이 충 형

특수상대론에서의 동시성 관계는 통상적으로 다음의 두 가지 가정에 기

초하여 정의된다: (1) 어떤 관성 관찰자에 대한 동시성 관계는 (민코프스

키 공간의 구조적 특성에 더해) 그 관찰자의 세계선에 의해서만 정의되

어야 한다. (2) 동시성 관계는 단일한 관성 관찰자에 대해 정의되어야 한

다. 본 논문은 이 두 가정에 도전한다. 먼저 한 관찰자가 아닌 여러 관찰

자에 대해 동시성 관계를 조작적으로 정의할 수 있음을 보이고, 또한 이

런 다중 관찰자에 대한 동시성 관계가 인과적 연결 관계와 관찰자들의 

세계선으로 명시적으로 정의될 수 있다는 점도 보인다. 이러한 다중 관

찰자에 대한 동시성 관계는 단일한 관찰자에 대한 동시성 관계와 동등하

게 합당한 관계이며, 따라서 특수상대론에서의 상대적 동시성은 인과적 

연결 관계로 유일하게 정의될 수 있는 것이 아니라고 결론 내린다. 

핵심어: 특수상대론, 동시성, 다중관찰자, 정의가능, 맬러먼트, 인과적 

연결 
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